Integration of the Dirac equation with an external electromagnetic field is explored in the framework of the method of separation of variables and of the method of noncommutative integration. We have found a new type of solutions that are not obtained by separation of variables for several external electromagnetic fields. We have considered an example of crossed electric and magnetic fields of a special type for which the Dirac equation admits a nonlocal symmetry operator.
Introduction
The Dirac equation for a charge in an external electromagnetic field is the basic equation for relativistic quantum mechanics and quantum electrodynamics. In relativistic quantum mechanics the Dirac equation is interpreted as a single-particle wave equation describing fermions in an external field [1, 2, 3, 4] . In quantum electrodynamics, exact solutions of the Dirac equation are needed to obtain the Furry interaction picture to keep exactly the interaction with the external field and the interaction of photons [5] .
To construct exact solutions of the Dirac equation, the separation of variables method (SoV) is commonly used. The external electromagnetic fields admitting SoV in the Dirac and the Klein-Gordon equations have been listed in refs [1, 2] .
In refs. [6, 7] a new method, named the noncommutative integration (NI) method, has been proposed to construct basises of exact solutions of linear partial differential equations.
The NI method essentially uses a Lie algebra g of differential symmetry operators of the first order.
Integration of the free Dirac equation using the NI method was considered in refs. [8, 9, 10] . Note that the method allows one to find exact solutions (NI-solutions) in the cases when the Dirac equation does not allow separation of variables [11, 12] .
The paper is organized as follows. In the next section we introduce basic notations used below and briefly describe the SoV method and the NI method applied to the Dirac equation. In Section 2 we apply the NI method for the Dirac equation in a spherically symmetric electromagnetic field. In section 3 we study the case when the magnetic field is uniform and constant. In section 4 we consider integration of the Dirac equation with the electromagnetic field which contracts the symmetry algebra of the free Dirac equation to a commutative subalgebra. Concluding remarks are in Section 5.
Symmetry algebra of the Dirac equation and construction of exact solutions
Let us consider the four-dimensional Lorentz manifold M with coordinates x µ (µ, ν = 1, . . . , 4) having the line element ds 2 = g µν (x)dx µ dx ν . The Dirac equation for a spinor ψ on M can be written as * Hψ = mψ,Ĥ = γ µP µ ,P µ =p µ − eA µ (x),p µ = i(∂ µ + Γ µ ), x ∈ M.
Here, A µ (x) is a potential of an external electromagnetic field, e and m are charge and mass of a particle, respectively. The Dirac matrices γ µ are defined as a solution of the system
µν (x). The spin connection Γ µ is defined by [10] 
where Γ ρ νµ are the Christoffel symbols of the symmetric connection compatible with the metric g µν (x).
The matrices
form a basis for 4 × 4 matrices. Here e µντ ρ = − det(g µν (x)ε µντ ρ is totally antisymmetric tensor, (ε 1234 = 1).
In Minkowski space M for the Dirac gamma matrices we use the standard representation
where σ k are the usual Pauli matrices.
The matrix differential symmetry operators of the first order for the Dirac equation (1) have been obtained as a linear combination of the following three independent operators (see [13] and [14] ):
e µντ ρ f τ ρ (x) is the dual tensor of the tensor f µν (x). We call operators (2) the Killing symmetry operators as they are expressed in terms of the Killing vector field ξ µ (x),
Here
is the tensor of an electromagnetic field. The symmetry operators (3) are given by the antisymmetric Yano-Killing tensor field f µν (x):
The symmetry operations (4) are determined in terms of the Yano vector field f µ (x):
We call operators (3) and (4) the spin symmetry operators.
A necessary condition for the SoV in the Dirac equation is the existence of three mutually commuting independent symmetry operators of the first order. Under this condition, the problem of finding solutions of the Dirac equation is reduced to the eigenvalue problem
whereŜ a are symmetry operators of the form (2) -(4), and λ a are essential separation parameters.
The separation of variables method can be applied to the squared Dirac equation [16] which is obtained from the Dirac equation (1) Denote by h a stationary Lie algebra of the point z 0 . Without loss of generality, we assume that the Killing symmetry operators depend only on the coordinates z. The method consists in generalization of the eigenvalue problem (5) as follows [6] :
where l a (q, ∂ q , λ) = α ν a (q)∂ q ν +iχ a (q, λ) are operators of an irreducible λ-representation of the algebra g constructed using a K-orbit O λ passing through the covector λ ∈ g * . The variables q are local coordinates on a Lagrangian submanifold Q of the orbit O λ . If the Lie algebra g is Abelian, then l a (q, λ) = λ a and we come to the SoV method. The basis of solutions of equation (6) is represented as ψ(x; q, λ) = exp(R(x; q, λ))ψ(u; r, λ), where R(x; q, λ) is a certain function, andψ(u; r, λ) is an arbitrary function depending on the characteristics of the system u = u(q, x). Substituting this solution into the Dirac equation (1), we obtain the reduced equationĤ (u, ∂ u , r, ∂ r ; λ)ψ(u; r, λ) = mψ(u; r, λ).
The number of independent variables of the reduced equation (7) is shown to be determined by algebraic properties of the orbit of z 0 [21] .
If equation (7) is algebraic or an ordinary differential equation, it is said that the original Dirac equation (1) is noncommutatively integrable. Note that the functions ψ(z; q, λ) are the eigenfunctions of all nontrivial Casimir operatorŝ
The basis of solutions of equation (1) can be represented as a generalized Fourier transform
where the distributions D λ qu (x) have the properties of completeness and orthogonality [21, 19] . Consider the important case in which the Lie group G acts on M simply transitively and the neighborhood U 0 can be identified with a local Lie group G by entering the group coordinates g = g(z). Without loss of generality, we assume that the group acts by right translations. The noncommutative integration method in this case may be formulated using Kirillov's orbit method as follows [19, 9] . The basis of solutions of equation (1) reads
where D λ′ (g) are generalized kernels of an irreducible unitary representation of the Lie group G constructed on a non-degenerate K-orbit O λ (see [22] ). The representation of the Lie algebra g is at the same time the λ-representation of g. The distributions D λ′ (g) can be found from the following system of equations:
Here ξ a (g) and η a (g) are the left-invariant and right-invariant vector fields on U 0 , respectively.
The functions ψ(q ′ , λ) satisfy the reduced equation
with the number of independent variables q ′ equal to dim Q = (dim g − ind g)/2. Here ind g is the index of the Lie algebra g defined as the dimension of the annihilator of a generic covector.
The Dirac equation in a spherically symmetric electric field
Let us define a potential A µ (x) by the relations
where V (r) is a smooth function. The Dirac equation on M can be written in a Hamiltonian form as i∂ t ψ =Ĥψ. The HamiltonianĤ in spherical coordinate system (r, θ, φ) takes the
where
Consider the stationary Dirac equation
The Killing symmetry operators corresponding to the generators of the rotation group SO(3)
are given byX
These operators the following realization of the Lie algebra so (3):
Note that inclusion of the external electromagnetic field does not affect the algebra of symmetry operatorsX a (θ, φ). The Casimir operator of the algebra so (3) is the square of the total angular momentum:
The spin Yano-Killing symmetry operator readŝ
Consider briefly the separation of variables in equation (9) (for more details see [1] and [17] ).
There exists a complete set {Ŝ, −iX 3 , J 2 } of mutually commuting symmetry operators. The solution of the eigenvalue problem
is obtained as
where Ω j M ζ (θ, φ) is a spherical spinor [18] . The Dirac equation (9) is reduced to a radial stationary Dirac equation with a fixed angular momentum j and a projection of angular momentum in the direction of M, and a spin quantum number ζ. The radial Dirac equation for ψ jM ζ is a system of ordinary differential equations for the functions f (r) and g(r):
Let us perform the noncommutative reduction of the Dirac equation (9) with the use of the Lie algebra so(3) of symmetry operators of the first orderX a (θ, φ). Denote an invariant of the Lie group SO(3) as r and let (θ, φ) be coordinates on an orbit of the Lie group SO(3).
The noncommutative integration consists in solving the system of equations
where l a (q, λ) are operators of a λ-representation of the Lie algebra so(3). The λ-representation is constructed for functions defined on a Lagrangian submanifold Q of orbits of the coadjoint representation (K-orbits) of the Lie algebra so(3) [19, 20] . The manifold Q has the topology of the cylinder: Re q ∈ [0, 2π), Im q ∈ R 1 . A covector λ = (j, 0, 0) ∈ so * (3), j ∈ Z parametrizes a nondegenerate K-orbit. The operators −il a (q, λ) are Hermitian with respect to the scalar product
and have the form
Integrating equations (13), we obtain the basis of solutions
×
and the functions f σ (r) and g σ (r) satisfy the radial equation (12) . Solutions (14) are the eigenvalues of the Casimir operator J 2 and of the spin operatorŜ, but (14) are not eigenfunctions for the operator of angular momentum −iX 3 :
The Fourier transform of functions (15) are the spherical spinors:
Indeed, given (16), we obtain that (11) is a family of solutions for the Dirac equation (9) and ( 
Electromagnetic field extending a subalgebra of symmetry operators
Consider an electromagnetic field with nonzero components
Cartesian coordinates (x, y, z) and choose a potential in the form
The Dirac equation on M(t, x, y, z) with the potential (18) reads
The Killing symmetry operators can be written aŝ
Operators (20) form a basis of the Lie algebra g with non-trivial brackets:
In the absence of the electromagnetic field, the symmetry operators (20) We can show that if the symmetry operators of the first order without matrix coefficients at the derivatives form a Lie algebra, then this algebra will be a central extension of the Lie algebra of symmetry operators for the free Dirac equation [15] .
Note that in addition to (20) , there exists an additional spin symmetry operator
Separation of variables in the Dirac equation is possible if we have a set of operators {Ĥ,X 2 ,Ŝ} (see [2, 17] ). The basis of solutions decreasing at |ξ| → ∞ has the form [17] :
where D k (ξ) are parabolic cylinder functions. A spinor (22) is a solution of the eigenvalue
The functions f (z) and g(z) satisfy the system of ordinary differential equations
Consider the process of noncommutative reduction. The operators of λ representation of the Lie algebra g can be taken as follows:
Operators (24) are skew-Hermitian with respect to the measure
From the systemX a ψ = −l a ψ we have (25) where
(x + iy) . Let us substitute (25) into the equationĤψ = Eψ, then we obtain the reduced equation in the form
Let us write the eigenvalue problemŜψ = ζψ as follows:
Then, we find the basis of solutions parameterized by the spin quantum number ζ and a complex parameter q for the Dirac equation (19):
Here the following notations are used:
The functions f (z) and g(z) are determined by the system of ordinary differential equations (23) for n = 1.
The functions of the noncommutative basis of solutions (26) are the eigenfunctions of the spin operator (21) and are not eigenfunctions of the momentum operatorp 2 = −iX 2 :
Thus, the dependence on the variables (x, y) is expressed in terms of elementary functions.
The reduced system (23) is generally different from the reduced system of equations obtained by the noncommutative reduction method, unlike the case of a spherically symmetric field, where the reduced system of equations is the same for the both bases of solutions. Therefore, elucidating the connection between basis (22) obtained by the method of separation of variables and basis (26) obtained by the noncommutative reduction is more difficult problem than in the case of a spherically symmetric potential, and is the subject of a separate study.
Electromagnetic field contracting a subalgebra of symmetry operators
Consider an electromagnetic field
where α is a real parameter and ϕ(y) is a smooth function. The potential of the field (27) can be taken as
The Dirac equation on M(t, x, y, z)
when e = 0 admits the Lie algebra g of symmetry operatorŝ
with with non-trivial commutators We show that one can perform the noncommutative reduction of the Dirac equation (28) in the external electromagnetic field (27) using the Lie algebra g of symmetry operators of the free Dirac equation.
Let U be a neighborhood of a point with the coordinates t = x = y = z = 0. Denote by
The local Lie group G = exp(g) acts simply transitively on Minkowski space. We can identify U(g) with the local Lie group G ≃ U(g) by introducing on U(g) the group multiplication law:
Note that (29) is the canonical coordinate system of the second kind on the Lie group G.
The left-invariant ξ(g) and right-invariant η(g) basis vector fields on the Lie group G have the form
The operators of λ-representation have the form
We introduce the measure dµ(q) = dq 1 dq 2 in the space Q with respect to which the operators −il a (q, ∂ q ) are Hermitian. Solving the system of equations (8) we obtain
Let us write the Dirac equation in the new coordinate system. The metric in the curvilinear coordinate system (29) is represented as a right-invariant metric on a Lie group G with the metric tensor
Here, G ab are tetrad components of the metric tensor g µν with respect to the moving frame of the right-invariant vector fields η a (g). We decompose the Dirac gamma matrices γ µ (g) in a curvilinear coordinate system g ν = g ν (t, x, y, z) in the moving frame:
The constant gamma matricesγ a are defined as an arbitrary but fixed solution of the equation
ab . Let us choose a solution of this equation in the form
The Dirac operator (28) takes the form
where Γ a are tetrad components of the spin connection
The electromagnetic potential A a (g) = A µ (g)η µ a (g) is given by the following tetrad components
We seek the basis of solutions for the Dirac equation with operator (30) in the form
Substituting (31) into the Dirac equationĤψ = mψ, we obtain the reduced Dirac equation
with the HamiltonianĤ
Making a change of variables, u = q 1 − q
, we can write the reduced Dirac operator asĤ
The Dirac operator (32) admits the following symmetry operator of the first order:
This the symmetry operator allows to perform separation of variables in the reduced Dirac
Substituting (33) into the Dirac equationĤψ κ (u, v) = mψ κ (u, v), we leads to a system of ordinary differential equations:
Conclusion
We 
